A vector bundle E on a smooth irreducible algebraic variety X is called a Steiner bundle of type (F 0 , F 1 ) if it is defined by an exact sequence of the form
Introduction
Since Horrocks' criterion [23] , which states that a vector bundle on a projective space decomposes into a direct sum of line bundles if and only if it has no intermediate cohomology, cohomological characterisation has become a useful tool to study vector bundles. Several authors, such as Ottaviani [33, 35] , Madonna and Chiantini [29, 30, 31, 12, 11] , Arrondo, Costa and Graña [2, 3] , Faenzi [18, 19] , or Costa and Miró-Roig [13] , have obtained cohomological classifications of vector bundles on varieties other than the projective spaces, approaching either the problem of whether they split or whether they have no intermediate cohomology. Cohomological characterisation was also used by Horrocks in [24] as a tool to characterise the sheaf of p -differential forms on P n . This result was later generalised in [13] to vector bundles on multiprojective spaces. Our goal is to characterise cohomologically Steiner bundles on smooth projective varieties. Steiner bundles were first defined by Dolgachev and Kapranov in [16] as vector bundles E on a projective space P n defined by an exact sequence of the form 0 → O P n (−1)
These bundles had been considered earlier by others (see [17] , [5] ) and, after [16] , they have been studied by many authors such as Vallès [38, 39] , Ancona and Ottaviani [1] , Cascini [9] , Brambilla [7, 6] , Jardim and Martins [25] and also by us. More precisely, in [36] we defined and studied Steiner bundles on the smooth hyperquadric Q n ⊂ P n+1 . So far a few cohomological characterisations of Steiner bundles have been given. In [16] Dolgachev and Kapranov showed that a vector bundle E on P n is a Steiner bundle defined by an exact sequence of type
if and only if H q (E⊗Ω p P n (p )) = 0 for q > 0 and also for q = 0, p > 1. More recently, Jardim and Martins [25] gave an alternative cohomological characterisation of Steiner bundles on P n defined as above and moreover, they gave a cohomological characterisation of Steiner bundles on the smooth hyperquadric Q n ⊂ P n+1 , n ≥ 3, defined by
Furthermore, in [32] , Miró-Roig gave a cohomological characterisation of vector bundles of the form F n,r = Ker(O P n (−r) a 0 → O P n ), where r ≥ 1, n ≥ 2 and a 0 = r+n n . When r ≤ n, the F ∨ n,r are Steiner bundles on P n in the sense of Dolgachev and Kapranov. In this paper we generalise the concept of Steiner bundle on P n and on Q n to smooth irreducible algebraic varieties and we give a cohomological characterisation of this larger class of vector bundles. One of the main tools to prove our central result will be the Beilinson type spectral sequence. Beilinson's theorem stated in [4] became a fundamental tool for classifying vector bundles on projective spaces and, in particular, for their cohomological characterisation. The growing interest in this latter problem lead to the generalisation of Beilinson's result to other varieties such as hyperquadrics and Grassmannians [27, 26] , to smooth projective varieties with a geometric collection [14] and more generally, to smooth projective varieties with an m-block collection [15] . The duality properties of an m-block collection and its dual will also play an important role for proving the referred cohomological characterisation.
The paper is organised as follows. Section 1 provides preliminary material such as the notions of m-block collections and their mutations, dual m-block collections, as well as the Beilinson type spectral sequence for smooth projective varieties with an m-block collection.
In section 2 we first define Steiner bundles of type (F 0 , F 1 ) on a smooth irreducible algebraic variety. We give some examples and, in particular, we see that Steiner bundles of type (F 0 , F 1 ) include the Steiner bundles defined so far. We then prove our main result. Namely, we fix an n-dimensional smooth irreducible projective variety X with an n-block collection B of locally free sheaves generating D b (O X −mod), and we give a cohomological characterisation of Steiner bundles of type (F 0 , F 1 ) on X , provided that F 0 and F 1 belong to two different blocks of B (Theorem 2.4). The theorem allows us to deduce that extensions of Steiner bundles of type (F 0 , F 1 ) are again Steiner bundles of the same type. We then apply our main theorem to characterise cohomologically some Steiner bundles of type (F 0 , F 1 ) on P n and Q n . More precisely, first we characterise cohomologically Steiner bundles of type (O P n (a), O P n (b)) and (Ω p P n (p ), O P n ) on P n , with 0 ≤ a < b ≤ n and 1 ≤ p ≤ n.Then, when n ≥ 3 is odd, we characterise cohomologically Steiner bundles of type (O Q n (a), O Q n (b)) and (O Q n (c), Σ(n − 1)) on Q n , with 0 ≤ a < b ≤ n and 0 ≤ c ≤ n − 1. When n ≥ 2 is even, we characterise cohomologically Steiner bundles of type (O Q n (a), O Q n (b)) and (Σ ± (−n), O Q n (c)) on Q n , with −n + 1 ≤ a < b ≤ 0 and −n + 1 ≤ c ≤ 0.
Preliminaries
Let X be a smooth projective variety over an algebraically closed field K of characteristic 0 and let D = D b (O X − mod) be the bounded derived category of the abelian category of coherent sheaves of O X -modules on X . Notation 1.1. For any pair of objects A, B ∈ D, we will denote
and Hom
. The shift functor will be denoted by E → E[p ]. When E is a complex this functor is defined by (E[p ]) j = E p +j .
We will identify a coherent sheaf F on X with the object 0 → F → 0 ∈ D, the complex concentrated in degree 0.
An ordered collection of objects of D, (E 1 , . . . , E m ), is an exceptional collection if all objects E i are exceptional and
If, in addition,
An ordered collection (E 1 , . . . , E m ) of objects of D is a full (strongly) exceptional collection if it is a (strongly) exceptional collection such that D is generated by E 1 , . . . , E m i.e., any full triangulated subcategory containing all objects E i is equivalent to D (via the inclusion).
Example 1.3.
(1) The collections (O P n , O P n (1), . . . , O P n (n)) and (Ω n P n (n), . . . , Ω 1 P n (1), O P n ) of locally free sheaves on P n are both strongly exceptional collections. In [4] Beilinson proved that they are full.
(2) Let Q n ⊂ P n+1 be a smooth hyperquadric. If n is odd then the collection Σ(−n), O Q n (−n + 1), . . . , O Q n , where Σ is the Spinor bundle on Q n , is a full strongly exceptional collection of locally free sheaves on Q n . If n is even, the collection
where Σ + and Σ − are the Spinor bundles on Q n , is a full strongly exceptional collection of locally free sheaves on Q n (see [27] , Proposition 4.9 and its proof, and [34] , Theorem 2.1).
(3) Consider the Grassmannian X = Gr(k, n) of k-dimensional subspaces of an n-dimensional vector space V. There exists a canonical exact sequence
where S is the tautological k-bundle and Q the quotient bundle.
Let Σ α S denote the space of the irreducible representations of the group GL(S) with highest weight α = (α 1 , . . . , α s ) and let |α| = s i=1 α i . Denote by A(k, n) the set of locally free sheaves Σ α S on Gr(k, n), where α runs overYoung diagrams fitting inside a k × (n −k) rectangle. Set ρ(k, n) := A(k, n). By [26] , Proposition 2.2 and 1.4, A(k, n) can be ordered in such a way that we obtain a full strongly exceptional collection (E 1 , . . . , E ρ(k,n) ) of locally free sheaves on Gr(k, n).
Before introducing the fundamental concept of n-block collection we need to define mutations of exceptional collections of objects of D. The use of mutations is essentially a way of producing new exceptional collections. Definition 1.4. Let X be a smooth projective variety and σ = (A, B) be an exceptional pair of objects of D. Consider the object L A B that completes the canonical morphism Hom
and the object R B A that completes the canonical morphism A → Hom
A left mutation of the pair σ = (A, B) is the pair
and a right mutation of the pair σ = (A, B) is the pair
Example 1.5. Consider the exceptional pair (O P n , O P n (1)) of objects in the bounded derived category of coherent sheaves of O P n -modules, where P n = P(V) and V is a vector space over K of dimension n + 1. Since
which in this case is nothing but the Euler sequence up to a twist,
Hence, R O P n (1) O P n = T P n and the right mutation of the pair ( 
Similarly, a right mutation R i σ of σ, 1 ≤ i ≤ m, is the collection obtained by replacing the i-th pair of subsequent elements (E i−1 , E i ) by its right mutation (E i , R E i E i−1 ):
If X is a smooth projective variety and σ = (E 0 , . . . , E m ) is an exceptional collection of objects of D then any mutation of σ is again an exceptional collection of objects of D (see [21] , Proposition 2.4.2). Furthermore, when σ is a full collection (i.e. when E 0 , . . . , E m generate the derived category D) then any mutation of σ is also full (see [20] ). Nevertheless, a mutation of a strongly exceptional collection is not necessarily a strongly exceptional collection. For instance, let X = P 1 × P 1 be the smooth quadric surface in P 3 and consider the full strongly exceptional collection
and thus the exact sequence
) and this is no longer a strongly exceptional collection of line bundles on
Notation 1.7. Let X be a smooth projective variety and let σ = (E 0 , . . . , E m ) be an exceptional collection of objects of D. We will use the following notation: for any 0
For composition of left mutations the notation is similar, that is, for any 0
Next we introduce the important concepts of blocks and m-block collections. They were first defined by Karpov and Nogin in [28] (see also [22] ) and since then they have played an essential role, for example, for Costa and Miró-Roig's classification of vector bundles on multiprojective spaces [15, 13] or for the study of exceptional collections of coherent sheaves over Del Pezzo surfaces [28] .
where each subcollection
Note that an exceptional collection (E 0 , . . . , E m ) is an m-block collection of type (1, . . . , 1). Example 1.9.
(1) As seen in Example 1.3 (1), the collections (
are exceptional collections of locally free sheaves on P n . Therefore, they are n-block collections of type (1, . . . , 1).
(2) Let Q n ⊂ P n+1 be a smooth hyperquadric. Recalling Example 1.3 (2), we see that if n is odd, the collection (E 0 , . . . , E n ) defined by
is an n-block collection of locally free sheaves on Q n of type (1, . . . , 1). If n is even, the collection (E 0 , . . . , E n ) defined by
is an n-block collection of locally free sheaves on Q n of type (2, 1, . . . , 1).
and L is a line bundle, are still n-block collections of coherent sheaves generating D.
(4) Consider the Grassmannian X = Gr(k, n) of k-dimensional subspaces of an n-dimensional vector space V. We saw in Example 1.3 (3) that A(k, n) can be ordered in such a way that σ = (E 1 , . . . , E ρ(k,n) ) is a full strongly exceptional collection of locally free sheaves on Gr(k, n). In [27] Kapranov showed that Hom(Σ α S, Σ β S) = 0 only if α i ≥ β i for all i. So, packing in the same block E r the bundles Σ α S ∈ σ with |α| = k(n − k) − r and taking into account that 0 ≤ |α| ≤ k(n − k) we obtain a k(n − k)-block collection of vector bundles on X ,
Other examples of m-block collection can be found in [15] or [28] . We now define mutations of block collections. Definition 1.11. Let X be a smooth projective variety and consider a 1-block collection (E,
A right mutation of E j by F is the object
A left mutation of the pair (E, F) is the pair (L E F, E), where
and a right mutation of the pair (E, F) is the pair (F, R F E), where
Let us remark that given a 1-block collection (E, F) the collections L E F and R F E are blocks and the pairs (L E F, E) and (F, R F E) are 1-block collections (see [28] , 2.1).
is an m-block collection we will denote the composition of mutations of blocks as follows:
The following definition will be central in what follows. 
where by definition
Similarly, one defines the right dual m-block collection of B as the m-block collection
where
The next proposition will also be fundamental to prove our main theorem. For the sake of completeness we give a sketch of its proof (for a more detailed proof see [13] , Proposition 3.9). 
with the only exception of
Proof. We will make use of two facts about mutations of block collections (see also [13] , Remark 3.7): given a 1-block collection (E, F) = (E 1 , . . . , E n , F 1 , . . . , F m ), one has:
for any H ∈ D and any E such that Hom
On the other hand, since B is an exceptional collection we also have
Therefore, from (1.5) and (1.6) we deduce that the right dual m-block collection satisfies the orthogonality conditions (1.1) and (1.2). The argument for the left dual m-block collection is similar.
Example 1.15.
(1) Consider the n-block collection B = (O P n , . . . , O P n (n)) on P n = P(V), where V is a K-vector space of dimension n + 1. Notice that B generates D. We have the following exact sequence
obtained by applying exterior powers to the Euler sequence
and where the maps j k coincide with the canonical morphisms. Hence, for j ≥ 1,
and thus, the left dual n-block collection of B is
Note that the orthogonality relations (1.1) and (1.2) can be easily checked and are indeed satisfied.
(2) Consider the n-block collection B = (Ω n P n (n), . . . , Ω 1 P n (1), O P n ) on P n of locally free sheaves generating D. Its left dual n-block collection is the n-block collection
. In fact, one can easily verify the orthogonality conditions (1.1) and (1.2).
(3) Consider the smooth hyperquadric Q n ⊂ P n+1 , n ≥ 2. Recall (Example 1.9 (2)) that the collection B = (E 0 , . . . , E n ) defined by
is an n-block collection of locally free sheaves on Q n which generate D. To determine its left dual n-block collection we set some notation first. We denote Ω j = Ω j P n+1 and we define by induction the following locally free sheaves on Q n :
and for j ≥ 2, ψ j is defined as the unique non-splitting extension (note that
Notice that ψ j = ψ j +2 for j ≥ n. These sheaves ψ j on Q n were first defined by Kapranov in order to describe the bounded derived category D(O Q n − mod). The left dual n-block collection H of B is given as follows: if n is odd then [27] ).
(4) Consider the smooth hyperquadric Q n ⊂ P n+1 , with n ≥ 2 odd, and the n-block collection B = (O Q n , O Q n (1), . . . , O Q n (n − 1), Σ(n − 1)) of type (1, . . . , 1) of coherent sheaves on Q n which generate D (note that B is the dual of the n-block collection considered in the previous example and recall Example 1.9 (3)). The left dual n-block collection of B is the collection H = (Σ(n − 1), ψ n−1 (n), . . . , ψ 0 (n)), as proved in [14] , Proposition 4.2.
In [15] , Costa and Miró-Roig generalised Beilinson Theorem, stated in [4] , to any smooth projective variety of dimension n with an n-block collection of coherent sheaves on X which generate D. The Beilinson type spectral sequence theorem will be a fundamental tool for our work.
Theorem 1.16 (Beilinson type spectral sequence)
. Let X be a smooth projective variety of dimension n with an n-block collection B = (E 0 , . . . , E n ),
For any coherent sheaf F on X there exist two spectral sequences situated in the square −n ≤ p ≤ 0, 0 ≤ q ≤ n, with E 1 -term
and
and differentials d 
Proof. See [15] , Theorem 3.10.
Steiner bundles and their cohomological characterisation
Steiner bundles were first defined by Dolgachev and Kapranov in [16] as vector bundles E on a projective space P n that are the cokernel of an injective morphism O P n (−1) s → O t P n . In [36] we defined Steiner bundles on the smooth hyperquadric Q n ⊂ P n+1 as vector bundles defined by an exact sequence of type
We now generalise these definitions to vector bundles on a smooth irreducible algebraic variety. 
Remark 2.2.
If E is a Steiner bundle of type (F 0 , F 1 ) then rk(E) ≥ n. In fact, denoting by r i the rank of F i , i = 0, 1, since F ∨ 0 ⊗ F 1 is generated by global sections then a general degeneracy locus,
is a subvariety of X of codimension tr 1 −sr 0 +1 (see for example [10] ). If rkE = tr 1 −sr 0 < n then tr 1 − sr 0 + 1 ≤ n and thus, D sr 0 −1 (ϕ) = ∅. In particular, cokerϕ would not a be vector bundle, contradicting our assumption on E.
We now see some examples and also that the above definition generalises the Steiner bundles defined so far.
Example 2.3.
(1) Let E be a vector bundle on P n defined by an exact sequence
Thus, E is a Steiner bundle of type (O P n (a), O P n (b)) on P n . When a = −1 and b = 0 these vector bundles are nothing but the classical Steiner vector bundles as defined by Dolgachev and Kapranov. Let Q n ⊂ P n+1 , n ≥ 3 be the smooth hyperquadric. Then the restriction of the above sequence to Q n gives us the short exact sequence
and we see that E | Q n is a Steiner vector bundle of type (O Q n (a), O Q n (b)) on Q n . When a = −1 and b = 0, E | Q n is a Steiner vector bundle according to [36] .
(2) Consider a short exact sequence of vector bundles on P n of the form
where 1 ≤ p ≤ n. Then E is a Steiner vector bundle of type (Ω p P n (p ), O P n ) on P n . (3) Any short exact sequence of vector bundles on P n
(4) Consider the smooth hyperquadric Q n ⊂ P n+1 , n ≥ 2, and let Σ (±) denote the Spinor bundle Σ on Q n if n is odd, and one of the Spinor bundles Σ + or Σ − on Q n if n is even.
Then if E is a vector bundle defined by an exact sequence of the form
for some 0 ≤ a ≤ n − 1, E is a Steiner bundle of type (O Q n (a), Σ (±) (n − 1)) on Q n .
(5) The vector bundle E on the smooth hyperquadric Q n ⊂ P n+1 , n ≥ 2, defined by an exact sequence of the form
In the present work we approach the problem of the cohomological characterisation of Steiner bundles of type (F 0 , F 1 ). Other properties of Steiner bundles of type (F 0 , F 1 ) were studied in [37] . In particular, we characterise generic exceptional and generic simple Steiner bundles of type (F 0 , F 1 ) and we prove that any exceptional Steiner bundle of type (O X (−1), O X ) on a smooth hypersurface X ⊂ P n of degree 1 ≤ d ≤ n − 1 is stable. We now prove our main result, that is, we give a cohomological characterisation of Steiner bundles E of type (F 0 , F 1 ).
Theorem 2.4. Let X be a smooth irreducible projective variety of dimension n with an
and let E be a locally free sheaf on X .
Then E is a Steiner bundle of type (E
) defined by an exact sequence of the form
is generated by global sections and all
with the only exceptions of
Proof. Suppose E is a Steiner bundle of type (E
is generated by global sections.
Applying the functor Hom(R (m) E n−m i , −) to the above sequence, where 0 ≤ m ≤ n and 1 ≤ i ≤ α n−q , we obtain the exact sequence
The orthogonal conditions (1.1) and (1.2) of Proposition 1.14 now imply the following vanishing:
with the only exceptions of
Since a < b we thus deduce the vanishing of all Ext
, E), with the only exceptions of
Conversely, suppose that all Ext
, E) vanish, the only exceptions being conditions (2.2) and (2.3). Recall that (E is generated by global sections, we only need to see that there exists an exact sequence
To this end, we will apply Beilinson type spectral sequence. Indeed, by Theorem 1.16, there exists a Beilinson type spectral sequence situated in the square 0 ≤ q ≤ n, −n ≤ p ≤ 0, with E 1 -term
and which converges to
, E) and cohomological conditions (2.2) and (2.3) imply that the E 1 -term looks like:
We thus deduce that the only non-vanishing differential is and that the spectral sequence collapses at the E b−a+1 -term. Therefore,
that is, there exists a short exact sequence
and cohomological condition (2.3) implies that
Thus, E is defined by an exact sequence
and hence E is a Steiner bundle of type (E a
The above theorem applies to any smooth projective variety X of dimension n which has an n-block collection which generates D. This includes a large number of smooth projective varieties, namely projective spaces, hyperquadrics, Grassmannians, multiprojective spaces (see [13] for examples of n-block collections for all these cases), and also the Fano varieties V 5 , V 22 or Fano threefolds of genus 7 (see [18] , [19] and [8] ).
As a first corollary of the above theorem we see that extensions of Steiner bundles of type (F 0 , F 1 ) are Steiner bundles of the same type. More precisely, we have the following: Corollary 2.5. Let X be a smooth projective variety X with an n-block collection B =
If E and F are Steiner bundles of type (E
Proof. Since E and F are Steiner bundles of type (E a
is generated by global sections. Suppose E and F are, respectively, given by
From Theorem 2.4 we know that all Ext
, F) vanish, except in the following cases:
Applying the functor Hom(R (m) E n−m i , −) to the sequence
Hence, by Theorem 2.4, G is a Steiner bundle of type (E
We now see a few applications of Theorem 2.4. Our first result concerns Steiner bundles of
Corollary 2.6. Let E be a vector bundle on P n . We have: (a) E is a Steiner bundle of type (O P n (a), O P n (b)), for some 0 ≤ a < b ≤ n, given by an exact sequence
Proof. Consider the n-block collection
. . , 1) of locally free sheaves on P n generating D (recall Example 1.9 (1)). We saw in Example 1.15 (1) that the left dual n-block collection of B is
Therefore, for all 0 ≤ j ≤ n we have
is generated by global sections since b − a ≥ 0. So, by Theorem 2.4, E is a Steiner bundle of type (E
This proves (a). The proof of (b) is analogous. In this case we consider the n-block collection B = Ω n P n (n), Ω n−1
, O P n of type (1, . . . , 1) of locally free sheaves on P n generating D (see Example 1.9 (1)). From Example 1.15 (2), we know that the left dual n-block collection of B is H = (O P n , O P n (1), . . . , O P n (n)). Note that the vector bundle (E n−p
is generated by global sections since we have a short exact sequence
Then apply Theorem 2.4 to the pair (E
We now apply Theorem 2.4 to get a cohomological characterisation of some Steiner bundles of type (F 0 , F 1 ) on the smooth hyperquadric Q n ⊂ P n+1 . For general facts about Spinor bundles, and in particular their cohomology, we refer to [34] , [27] and [14] , whereas for basic facts about the ψ i bundles introduced in Example 1.15 (3), we refer to [27] . When n is odd we have the following characterisation:
Corollary 2.7. Let E be a vector bundle on the smooth hyperquadric Q n ⊂ P n+1 with n ≥ 3 odd. Then
if and only if We now state two cases on the smooth hyperquadric Q n ⊂ P n+1 with n ≥ 2 even. Corollary 2.8. Let E be a vector bundle on the smooth hyperquadric Q n ⊂ P n+1 with n ≥ 2 even. Then As already observed, Theorem 2.4 applies to coherent sheaves on any smooth projective variety of dimension n which has an n-block collection of coherent sheaves on X generating D. So, we are led to the following open and interesting problem: Problem 2.9. To characterise n-dimensional smooth projective varieties X which have an n-block collection of coherent sheaves on X generating D.
